We study in detail coherent phase control of femtosecond resonance-mediated (2+1) three-photon absorption and its dependence on the spectral bandwidth of the excitation pulse. The regime is the weak-field regime of third perturbative order. The corresponding interference mechanism involves a group of three-photon excitation pathways that are on resonance with the intermediate state and a group of three-photon excitation pathways that are near resonant with it. The model system of the study is atomic sodium (Na), for which experimental and numerical-theoretical results are obtained.
I. INTRODUCTION
Coherent control utilizes the coherent nature of the light in order to control transition probabilities of the irradiated quantum system to desired target states [1, 2, 3, 4, 5] . Due to their broad spectrum, femtosecond pulses provide a wide coherent band of such photoinduced pathways. The control is achieved by manipulating interferences among multiple initial-to-final state-to-state pathways. Constructive interferences enhance the transition probability, while destructive interferences attenuate it. The interferences are manipulated by shaping the pulse, i.e., manipulating the phase, amplitude, and/or polarization of its various spectral components.
Prominent among the processes, over which such femtosecond control has been demonstrated to be very effective, are multiphoton processes that are of fundamental as well as applicative importance for nonlinear spectroscopy and microscopy [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] . For a given energy, manipulating the pulse shape manipulates the cross-section of the corresponding process. For rational shaping of femtosecond pulses, which are favorable for a desired result, the most convenient excitation regime is the weak-field regime where the photo-excitation is validly described within the time-dependent perturbation theory of the lowest non-vanishing order. For N-photon absorption processes it is the N th order. Such a description allows a transformation of the photo-excitation picture into the frequency domain, where the interfering pathways and their interference mechanism can be identified and serve as a basis for the rational pulse shaping. Corresponding examples of past control studies include the control over non-resonant two-photon absorption [6, 7] and resonance-mediated (1+1) two-photon absorption [8, 9, 10] in atoms, over non-resonant two-photon absorption and non-resonant three-photon absorption in large molecules [11] , over molecular Raman transitions [12] , and over molecular coherent anti-Stokes Raman scattering (CARS) [13, 14] .
In addition to these multiphoton control works, in a recent study we firstly analyzed theoretically and demonstrated experimentally coherent phase control over the process of atomic resonance-mediated (2+1) three-photon absorption [15] . The present work is a direct continuation of this first work. It extends the analysis of the corresponding interference mechanism and obtains new physical insight regarding its dependence on the spectral bandwidth of the excitation pulse. The model system of the study is atomic sodium (Na).
Section II of the paper gives the corresponding frequency-domain theoretical description of the process as obtained based on 3 rd -order time-dependent perturbation theory. The paper ends with conclusions in Sec. V. Section III A describes the Na model system and the families of shaped pulses that serve as test cases. It follows by Sec. III B that presents corresponding experimental results that re-confirm the theoretical description and corresponding numerical calculations. Then, Sec. III C presents extended numerical-theoretical results that fully reveal the spectral-bandwidth dependence of the process, as discussed in Sec. IV.
II. FREQUENCY-DOMAIN THEORETICAL DESCRIPTION
As shown in Fig. 1 , the resonance-mediated (2+1) three-photon absorption process considered here involves an initial state |g , a final state |f , and an intermediate state |r .
The |g and |r states are coupled by a non-resonant two-photon coupling provided by a manifold of states |v that are far from resonance, i.e., half the two-photon transition frequency ω rg /2 falls within the pulse spectrum while the |g -|v transition frequencies ω vg fall outside the pulse spectrum. The |f -|r coupling is a resonant one-photon coupling, i.e., the corresponding transition frequency ω f r falls within the pulse spectrum.
In a weak-field regime the three-photon absorption is validly described by third-order time-dependent perturbation theory. Accordingly, the time-dependent (complex) amplitude a f (t) of state |f at time t, due to the interaction with the shaped temporal electric field ε(t), is given by
where µ mn = m| µ |n and ω mn = (E m − E n )/ are, respectively, the dipole matrix element and the transition frequency between a pair of states |m and |n . The transition frequencies ω rg , ω f r , and ω f g satisfy the relation ω f g = ω f r + ω rg .
Within the frequency-domain framework, the spectral field of the pulse E(ω) ≡ |E(ω)| exp [iΦ(ω)] is given as the Fourier transform of ε(t), with |E(ω)| and Φ(ω) being, respectively, the spectral amplitude and phase of frequency ω. For the unshaped transformlimited (TL) pulse, Φ(ω) = 0 for any ω. We also define the normalized spectral field
] that represents the pulse shape, where |E 0 | is the peak spectral amplitude. This allows to clearly distinguish in the expressions given below between the dependence on the pulse intensity and the dependence on the pulse shape.
with
The expressions of Eqs. (2)-(5) are equivalent to the ones given in Ref. [15] . However, as shown below, they are given here in a different form that provides deeper and more intuitive physical insight to the femtosecond excitation process.
The final amplitude A
of |f coherently interferes all the possible three-photon pathways from |g to |f , i.e., coherently integrates over all their corresponding amplitudes.
Several pathway examples are shown schematically in Fig. 1 . Each three-photon pathway is either on-resonance or near-resonance with the intermediate state |r , with a corresponding detuning δ. A resonance-mediated (2+1) three-photon pathway corresponding to a detuning δ involves a non-resonant absorption of two photons to a total excitation energy of ω rg − δ and the absorption of a third photon of frequency ω f r + δ. The term A terms are expressed using the term A (2) (Ω) that is proportional to the non-resonant two-photon absorption amplitude to a total transition frequency of Ω. It interferes all the corresponding two-photon pathways. The phase associated with each two-photon pathway is equal to the sum of the phases of the two corresponding photons. So, with the transform-limited (TL) pulse all the two-photon pathways acquire zero phase for any value of Ω and, thus, interfere one with the other in a fully constructive way. For a given field spectrum E(ω) , this leads to the maximal A (2) (Ω)
for any value of Ω. For a given Ω, any spectral phase pattern that is anti-symmetric around Ω/2 also induces fully constructive interferences among all the two-photon pathways of Ω transition frequency, and thus it induces the corresponding maximal A (2) (Ω) as the TL pulse.
As can be seen from Eq. (5), A (2) (Ω) is actually the (complex) convolution function of the
actually proportional to the weak-field non-resonant two-photon absorption amplitude to |r , as obtained by second-order perturbation theory [6] .
The final population P
of state |f , given by P
, serves as the measure for the resonance-mediated (2+1) three-photon absorption. All the results presented here are given relative to the absorption induced by the transform-limited (TL) pulse. So, for convenience, we introduce the TL-normalized three-photon absorption measure P
f,TL is the final |f population induced by the TL pulse.
III. RESULTS

A. Model system and pulse-shape test cases
The model system of the study is the sodium (Na) atom [23] , with the corresponding excitation scheme shown in Fig. 1 
.
As the test cases for coherent phase control, the present study uses shaped femtosecond pulses having two sets of spectral phase patterns, Φ 7p,TL . In other words, with the spectral phase patterns discussed here, the absorption is determined only by intra-group interferences taking place separately within each of the on-resonant and near-resonant excitation groups, without any inter-group interferences taking place. This fact greatly simplify, without reduction of generality, the ability to gain physical insight into the pulse-bandwidth dependence of the resonance-mediated (2+1) three-photon absorption process.
B. Experimental vs. numerical-theoretical results
This section presents experimental results for the Na atom, re-confirming the above theoretical description with spectral parameters, i.e., spectral bandwidth and the above phase patterns, that are different from those used in our previous work [15] . Experimentally, atomic sodium vapor is produced in a static chamber at 300 o C (Na partial pressure of ∼0.1 Torr) with 10-Torr Ar buffer gas. It is irradiated at a 1-kHz repetition rate with linearly-polarized shaped femtosecond laser pulses of 9.8-nm (160-cm −1 ) intensity bandwidth (FWHM) around 781 nm (12804 cm −1 ). The spectrum shape is a modified Gaussian with a slight asymmetry toward low frequencies. It is shown in the inset of Fig. 2(a1) . Experiments are also con-ducted with a spectrum that results from blocking about half of this full spectrum at a cutoff wavelength of 783 nm (12771 cm −1 ). It is shown in the inset of Fig. 2 (b1). In both spectral cases, the temporal peak intensity of the corresponding transform-limited (TL) pulse is below 10 9 W/cm 2 . The laser pulses undergo shaping in a 4f optical setup incorporating a pixelated liquid-crystal spatial light phase modulator [22] . The effective spectral shaping resolution is δω shaping = 2.05 cm −1 (0.125 nm) per pixel. Following the interaction with a pulse, the Na population excited to the 7p state undergoes radiative and collisional decay to lower excited states, including the 4d, 5d, 6d, and 6s states. The fluorescence emitted in their decay to the 3p state serves as the relative measure for the total final 7p popu-
. It is optically measured at 90
• to the beam propagation direction using a spectrometer coupled to a time-gated camera system. The theoretical results are calculated numerically using Eqs. (2)- (5) Hence, supported also by our previous work [15] , the validity and accuracy of the theoretical description and numerical calculations are re-confirmed. As such, in the following they serve us for the detailed study of the π-traces, their spectral-bandwidth dependence, and the corresponding interference mechanism. left-step . One should note that the maximal value of the y-axis in these traces is higher than in the traces of the single-step phase patterns (the left-column panels). The prominent feature of the double-step traces is the strong absorption enhancement occurring when ω (DBstep) left-step = ω 7p,4s . This is also the step-position region, where the dependence on the spectral bandwidth is the strongest. The corresponding enhancement value is always above one, i.e., above the TL absorption, and it continuously increases as the bandwidth increases. It starts from a value of 2.8 at 5-nm bandwidth [ Fig. 3(a2) ] and reaches a value of 7.2 at 40-nm bandwidth [ Fig. 3(e2) ]. When ω (DBstep) left-step is far from ω 7p,4s , the three-photon absorption is always kept on a level that is very close to or equal to the TL absorption. The only exception is the case of 5-nm bandwidth [ Fig. 3(a2) ], where at step positions higher than ω 7p,4s the absorption is reduced to a level of about half the TL absorption.
As can be seen in Fig. 3 , the main features of the traces when ω = ω 7p,4s , the degree of absorption is between 0.01 to 4 times the TL absorption, i.e., it is either enhanced or attenuated as compared to the TL case. There is a local peak of value 2.55 at a bandwidth of 5.25 nm, and a minimum of zero theoretical value (i.e., three-photon dark pulse) at a bandwidth value of 14.6 nm. Then, above 14.6 nm, P is of a value of 1, and it reaches a value of 7.2 at a bandwidth of 40 nm. As can be seen in Fig. 4 , in both these singlestep and double-step patterns having the step at ω 7p,4s , over the full bandwidth range, the is dominated by the integration over small non-zero values of |δ| around δ=0.
Due to the sign change of 1/δ for ± |δ|, the ℘-integration result is highly sensitive to the symmetry of the integrand term A (2+1) (δ) ≡ A (2) (ω 4s,3s − δ) E(ω 7p,4s + δ) around δ=0, i.e., its relative magnitude and relative sign for positive and negative detunings of equal magnitude (i.e., ± |δ|). The zone of small |δ| around δ=0 is indicated schematically as dashed area in Thus, with a Gaussian spectrum around ω 0 , A
TL (Ω) has a Gaussian shape that is peaked at Ω peak = 2ω 0 . The corresponding detuning is δ peak = ω 4s,3s − 2ω 0 . The width (FWHM) of the A TL (Ω = ω 4s,3s − δ) have the same width (of value 2) for any spectral bandwidth ∆ω. On the other hand, an increase in ∆ω leads to a decrease in the value of δ peak /∆ω. Hence, as seen in Fig. 5 , as ∆ω increases, the peak and the full profile of A Fig. 3 (dashed and dotted lines) . In other words, for the TL pulse, with large enough bandwidth, the absorption amplitudes contributed by positively-detuned and negatively-detuned near-resonant three-photon pathways completely cancel out each other. Then, the total TL absorption is determined only by the three-photon pathways that are on-resonant with the intermediate state. is also a real quantity that, for a given spectrum, its positive or negative sign depends on δ. This is seen in Fig. 5 , where the difference from the TL case is clearly observable. Since the TL pulse induces fully constructive interferences among all the two-photon pathways that contribute to A (2) (Ω) for any given Ω, with a given spectrum, the TL value of A (2) TL (ω 4s,3s − δ) is actually the maximal one for any given δ. As such, it serves as an upper limit to the value of A (ω 4s,3s − δ).
As such, it depends here on the spectral bandwidth. In Fig. 5 , the A for all bandwidth values, except for values around 15 nm. There, both the near-resonant and on-resonant components are very small and have a value close to zero. This is indeed the behavior of the near-resonant vs. on-resonant components shown in Fig. 4(a) .
For analyzing the bandwidth dependence of the absorption relative to the TL pulse, i.e., the graph of P vs. ∆ω shown in Fig. 4(a) (solid line) , one also needs to account for the case of the TL pulse analyzed in the previous section. At a very narrow bandwidth the phase shaping is expected to have very small or no effect at all on the absorption relative to the (unshaped) TL pulse, as is indeed reflected in the value P . For example, at 40-nm bandwidth it reaches a value of 4.1. Following the above analysis and as seen in Fig. 3(d1)-(e1) and Fig. 4(a) , for bandwidth values beyond 15 nm, the value of P as K 2a + K 2b ln ∆ω. This is indeed seen in the graph shown in Fig. 4(a) (solid line).
C. Shaped pulse with double-step phase pattern of ω
Last we consider the case of the shaped pulse with the phase pattern of a double π step with ω (DBstep) left-step = ω 7p,4s (solid thin black lines in Fig. 5 ). With such a phase pattern, as with any of the double-step phase patterns, the phase associated with all the two-photon pathways of total two-photon transition frequency ω 4s,3s is zero, since Φ(ω) + Φ(ω 4s,3s − ω) = 0 for any ω (see Fig. 1 ). So, fully constructive interferences are induced between all these two-photon pathways, as is the case with the transform-limited pulse. Hence, as seen in Fig. 5, with any spectral bandwidth, A (ω 4s,3s ) = A (2) TL (ω 4s,3s ), which, as explained above, is the maximal possible value (here, at δ = 0) for a given spectrum. This leads to a maximal on-resonant amplitude that is of equal magnitude to the TL case, i.e., A left-step = ω 7p,4s , the field E DBstep@ω 7p,4s (ω 7p,4s + δ) has different sign for ± |δ| when |δ| is small, which is in full correlation with the sign of 1/δ for small ± |δ|. This is similar to the case of the single-step phase pattern of for all bandwidth values. This is indeed the behavior of the near-resonant vs. on-resonant components shown in Fig. 4(b) . The fact that
(ω 4s,3s −δ) ≈ A (ω 4s,3s ) is kept on its maximal value for any bandwidth. Also here, for large bandwidth ∆ω, following the above analysis for the present double-phase-step pulse and for the TL pulse, P 
V. CONCLUSIONS
In conclusion, we have studied in detail femtosecond phase control of atomic resonancemediated (2+1) three-photon absorption, focusing on its dependence on the spectral bandwidth of the excitation pulse. The total absorption amplitude has contributions from a group of interfering three-photon pathways that are on resonant with the intermediate state and a group of interfering three-photon pathways that are near resonant with it. For a given pulse shape, the ratio between the amplitude contributions from these two groups depends on the spectral excitation bandwidth. The nature of the three-photon absorption that is induced by a given shaped pulse is analyzed in a systematic and physically-intuitive way by decomposing it into a two-photon absorption, which is induced by all the possible two-photon pathways leading to various detunings from the intermediate state, followed by the absorption of a proper third photon. Prominent among the results is our finding that with simple proper pulse shaping an increase in the excitation bandwidth leads to a corresponding increase in the enhancement of the three-photon absorption over the absorption induced by the (unshaped) transform-limited pulse. For example, here, 40-nm bandwidth leads to an order-of-magnitude enhancement over the transform-limited absorption. The present work serves as a basis for future extensions to molecular systems and we expect it to be significant for nonlinear spectroscopy and microscopy. In all the cases the pulse spectrum is a Gaussian centered at 780 nm (12821 cm −1 ). The different panels correspond to the different panels in Fig. 3 
